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Abstract: We present several higher-dimensional spacetimes for which observers
living on 3-branes experience an induced metric which bounces. The classes of exam-
ples include boundary branes on generalised S-brane backgrounds and probe branes
in D-brane/anti D-brane systems. The bounces we consider normally would be ex-
pected to require an energy density which violates the weak energy condition, and
for our co-dimension one examples this is attributable to bulk curvature terms in
the effective Friedmann equation. We examine the features of the acceleration which
provides the bounce, including in some cases the existence of positive acceleration
without event horizons, and we give a geometrical interpretation for it. We discuss
the stability of the solutions from the point of view of both the brane and the bulk.
Some of our examples appear to be stable from the bulk point of view, suggesting the
possible existence of stable bouncing cosmologies within the brane-world framework.
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1. Introduction
Bouncing cosmologies have been advocated as having played a role in our past,
both within pre-Big Bang cosmologies [1] for which new string-motivated physics
smoothes out the Big Bang singularity, and within cyclic scenarios where the universe
survives the passage through a succession of earlier singularities [2]. Interest in
these proposals has been further sharpened by the recent precise measurements of
temperature fluctuations in the cosmic microwave background (CMB). In particular,
these models provide the main alternatives to the inflationary description of these
fluctuations, motivating the detailed study of the kinds of late-time cosmologies to
which they give rise.
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A major obstacle to understanding their predictions arises from their potential
dependence on the details of the bounce, and a study of this dependence has been
hindered by the absence of a well-behaved model of a bouncing universe with which
to test theoretical proposals. The difficulty with making such a model hinges on the
necessity of violating the weak energy condition in order to do so, since this appears
to inevitably require a physical instability to arise during the bouncing epoch.
Brane-world models permit a new approach to these difficulties, since they appear
to allow the possibility that brane-bound observers might experience a bouncing
universe, while embedded within a stable higher-dimensional geometry [3, 4, 5, 6,
7, 8, 9, 10, 11, 12, 13]. Ref. [6] pointed out such apparent example, consisting of
a four dimensional cosmology based on a brane world embedded in a 5-dimensional
Reissner-Nordstro¨m background1. In this case, a solution for the appropriate junction
conditions can be provided explicitly, with the result that the apparent weak energy
condition violation term arises from the projection of bulk curvature effects onto
the brane. This construction has recently been criticized, however, as inheriting the
instability to fluctuations of the underlying Reissner-Nordstro¨m geometry [13].
Our purpose in this paper is to broaden the context of the discussion, by present-
ing a number of new brane-world constructions for which the brane-bound observers
experience bounces. In particular we do so for geometries which do not require bulk
electric fields, and which may not have the same stability problems which afflict
the Reissner-Nordstro¨m example. We provide two classes of examples, which differ
according to whether or not the relevant brane is a probe brane moving in a bulk
spacetime, or is a boundary brane subject to an appropriate set of Israel junction
conditions.
We present our results in the following way. In the next section we review the
usual conditions which are required in order for four-dimensional FRW cosmologies
to bounce. In particular, we focus on the case of universes with negative or flat
curvature, in which the bounce requires a violation of the weak energy condition,
leading to non-standard acceleration. Section 3 then describes several models with
bounce having boundary 3-branes moving in various five-dimensional geometries.
These examples include simple S-brane-like geometries which are solutions to the
Einstein equations, as well as examples which also involve bulk dilatons and gauge
fields. The resulting background geometries typically have either time-like or space-
like singularities as well as Cauchy horizons. For each model, we identify the terms
that appear in the effective four dimensional Friedmann equation, which are respon-
sible for the bouncing behavior. Section 4 presents similar models based on observers
riding probe branes within bulk spaces whose dimension can be higher than 5. These
move through field configurations which solve higher-dimensional supergravity equa-
tions, and which represent the field sourced by a stack of source branes. Being
1See also the earlier works [4, 5].
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supersymmetric, these bulk configurations are stable. Finally, our conclusions are
summarized in section 5.
2. Bouncing and Acceleration in Standard Cosmology
We start by reviewing the conditions for a bouncing behavior which arise within 4D
standard cosmology (see also, for example, [14]). We express these requirements in
terms of the various energy conditions which the energy density in the universe must
satisfy (or violate) in order to obtain a bounce. As we shall see, the same energy
conditions also turn out to be quite useful for understanding bouncing behaviors in
non-standard cosmologies based on extra-dimensional models.
For our purposes, the universe bounces when it passes smoothly from a contract-
ing to an expanding phase without encountering an intervening singularity. That is,
the universal scale factor, a(t), reaches a positive, minimum value a0 > 0 in the past,
at a time which we choose to be t = 0. This turning point separates contraction
from expansion, and a necessary condition for its existence is that the universe ex-
periences positive acceleration, a¨ > 0, for some interval around the turning point.
The conditions for bouncing are consequently intimately related to those for positive
acceleration.
2.1 Basic equations and energy conditions
In standard cosmology, a metric which preserves the observed homogeneity and
isotropy in the three spatial dimensions has an FRW form, and we restrict ourselves
to this form from now on:
ds2 = −dτ 2 + a2(τ) dΩ2k,3 . (2.1)
Here dΩ2k,3 = dr
2/(1 − kr2) + r2 dΩ22 is the usual metric on the spatial slices, with
dΩ22 denoting the line element on the 2-sphere. The constant k takes one of the three
values k = 0 or ±1 for flat, spherical or hyperbolic spatial topologies.
Homogeneity and isotropy imply the stress-energy density of matter must have
the perfect-fluid form:
T νµ = diag (−ρ, p, p, p) , (2.2)
with, as usual, p and ρ being the fluid’s pressure and energy density. We assume
these to be related by an equation of state of the form
p = ωρ (2.3)
with the parameter ω being constant.
Assuming the metric evolution to be governed by Einstein’s equations, the cos-
mological evolution of the the universe is then given by the usual three equations,
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• The equation of conservation of energy:
ρ˙+ 3H (ρ+ p) = 0 , (2.4)
• The Friedmann equation
H2 +
k
a2
=
8πG4
3
ρ (2.5)
• The Raychaudhuri equation
a¨
a
= −4 πG4
3
(ρ+ 3p) . (2.6)
Here G4 denotes the four-dimensional Newton’s constant and the Hubble parameter
is, as usual, H ≡ a˙/a. These equations clearly tie the cosmic acceleration of the
universe to the energy and pressure of the matter it contains. We now summarize
several energy conditions which have been proposed to characterize reasonable gen-
eral conditions for how the pressure and energy of stable matter can behave [15, 16].
• The weak energy condition (WEC), states that Tµνtµtν ≥ 0 for any time-like
vector tµ. This condition states that energy density measured by any observer
is non-negative. Equivalently, in terms of energy density and pressure, ρ ≥ 0
and ρ + p ≥ 0. The validity of WEC is in general crucial for the proof of
singularity theorems.
• The dominant energy condition (DEC), requires the same constraints as does
the WEC, with in addition the requirement that T µνtµ cannot be space-like.
This translates into the condition ρ ≥ |p| or 1 ≥ ω. When the DEC is satisfied,
the conservation theorem by Hawking and Ellis applies [15], which shows that
energy cannot propagate outside the light cone (and so, in particular, energy-
momentum cannot spontaneously appear from nothing).
• The strong energy condition (SEC), requires that Tµνtµtν ≥ 12T λλ tσtσ for all
time-like vectors tµ. Equivalently, ρ+ p ≥ 0 and ρ+ 3p ≥ 0.
2.2 Conditions for Bouncing
A bounce requires a˙ to pass smoothly from negative to positive values, and so it
follows that H must vanish at some (turning) point, around which a¨ > 0 and a > 0.
Eq. (2.6) shows that a¨/a > 0 implies p < −ρ/3, and so a bounce necessarily implies
a violation of the SEC.
Similarly, given the Friedmann equation, eq. (2.5), the vanishing of H implies
conditions on the energy density during the bounce. The precise condition depends
on the curvature, k, of the three-dimensional spatial slices, as we now summarize.
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Bouncing conditions when k = 1:
This option is a textbook case, and in this instance a bounce requires the energy
density to violate the strong energy condition (but not necessarily the WEC since ρ
need not pass through zero even if H does). So in this case the condition p < −ρ/3
suffices, and no additional conditions need be imposed on ρ. (For the equation of
state, (2.3), the condition p < −ρ/3 implies ω < − 1
3
.) The classic example of this
type is furnished by the de Sitter universe, for which −p = ρ > 0.
Bouncing conditions when k = 0,−1:
This case is more difficult to achieve and so is less well studied. It is not enough to
have p < −ρ/3 to have a bounce, because the energy must also pass through zero (if
k = 0) or become negative (if k = −1). In addition to violating the SEC, a bounce
also requires the energy density must violate the WEC (and consequently also the
DEC). It is noteworthy that once ρ < 0 the condition p < −ρ/3 becomes weaker,
since it allows positive p. (For instance, for the equation of state, (2.3), ρ < 0 and
p < −ρ/3 implies ω > − 1
3
rather than ω < − 1
3
.)
Since the kinematics of this kind of bounce is less familiar, we next examine this
case in more detail, assuming an equation of state, (2.3), with constant ω. Energy
conservation, (2.4), for these theories gives rise to the relation
ρ = ρ0
(
a(τ)
a0
)−3(1+ω)
= −c · a−3(1+ω)(τ) , (2.7)
where c = −ρ0/a−3(1+ω)0 . Since we imagine ρ0 < 0 at the turning point, we take
c > 0.
If we assume for concreteness that k = −1, the Friedmann equation can be
written as
a˙2 = 1− c a−(1+3ω) . (2.8)
where c is the parameter defined in (2.7). From this equality it is clear that the scale
factor never becomes smaller than amin = c
1/(1+3ω), and a˙ = 0 when a = amin. It is
not difficult to see that the universe bounces at this minimum value. For example,
in the special case ω = 1
3
, one can solve eq. (2.8) analytically to find
a2(τ) = τ 2 + c . (2.9)
The resulting space-time is not singular for any finite τ .
The Raychaudhuri equation, for the system we are considering, takes the form
a¨
a
=
4 π cG4
3
(1 + 3ω) · a−3(1+ω)(τ) , (2.10)
from which it is clear that ω > − 1
3
ensures the acceleration is always positive (al-
though it asymptotically vanishes).
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Not surprisingly, the causal structure of a bouncing universe such as this k =
−1 example differs from the usual situation for expanding FRW cosmologies. In
particular, an observer in the bouncing cosmology does not have a horizon which
limits the distances from which she can receive signals. By definition, an observer
has a horizon when the following integral converges:
∆ ≡
∫ +∞
t0
dt
a(t)
<∞ , (2.11)
since ∆ represents the maximal distance that an observer at time t0 can probe. In
the above k = −1 example, using (2.5), we can write
∆ =
∫ +∞
t0
dt
a(t)
=
∫ +∞
a0
da
a(−1+3ω)/2√
a1+3ω + c
. (2.12)
It is simple to check that this expression diverges, regardless of the sign of c, provide
ω > −1
3
. Consequently we obtain a system having eternal positive acceleration
(although it vanishes asymptotically) without horizons.
This behavior is in marked contrast with the eternal positive acceleration that
one meets in a de Sitter universe. The presence of horizons in the de Sitter case
has been argued to mean that the total number of degrees of freedom contained in
a causal patch of the universe is always finite, an observation which is regarded as
having problematic consequences for field theory and string theory [17, 18]. We see
that, for k = −1, we have acceleration without this horizon problem, and we provide
in the next section, brane world examples with this characteristic.
2.3 Bouncing Brane Cosmologies
The new ingredient which branes introduce into the bouncing discussion is the poten-
tial they bring for separating the requirement for negative energies from the necessity
for having an instability. They do so basically because there is more than one metric
which appears in the physics of observers on a brane, and the metric which shows
the bounce need not be the metric which appears in the Einstein action. We briefly
summarize these issues here, before discussing several examples of bouncing branes
in subsequent sections.
The distinction between the various metrics which are relevant to brane observers
is most starkly highlighted in the situation where a brane moves through a static
bulk spacetime — the so-called ‘mirage cosmology’ [19, 20]. In this case the induced
metric, γµν , on the brane is typically time-dependent, because of its dependence on
the time-dependent brane position, yM(t):
γµν = gMN ∂µy
M ∂νy
N . (2.13)
Since it is the induced metric which governs the propagation of particles living on the
brane (like photons), for all observations performed by brane observers using these
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particles this time dependence would be indistinguishable from what would be seen
from a stationary brane sitting in a time-dependent bulk spacetime.
On the other hand, the metric which appears in the low-energy effective 4D
Einstein equation is the lowest Kaluza-Klein mode of the bulk metric, gµν , and this
in general differs from γµν . A brane observer can detect the difference between these
two metrics since this difference generates a host of preferred-frame effects, which
can be constrained even within the gravitational sector [21].
In this situation a new interpretation of the Friedmann equation becomes pos-
sible, and this is what allows the presence of negative-energy terms in it to be po-
tentially benign. To this end consider the interpretation of a brane observer who
is unaware of the difference between the two metrics, and who (like us) simply sees
particles like photons propagating within a time-dependent metric. For isotropic
and homogeneous spacetimes, the resulting blue/redshifts of the photons would be
interpreted as being due to an FRW cosmology whose Hubble parameter, H , could
be computed. Not knowing the distinction between γµν and gµν , this observer would
interpret any dependence of H2 on the scale factor, a, as being due to the presence
of various forms of energy density, through the Friedmann-like formula (4.15). In
particular, if the induced metric for this observer bounces, the observer would be-
lieve there must be negative energy present, as discussed above. The brane observer
could similarly deduce the pressure of the various cosmological fluids using either
conservation of energy or the Raychaudhuri equation [19].
The bulk observer would recognize that there is no real negative-energy field
associated with the apparent bounce as seen by the brane observer, and so there
also need not be any instability associated with it. Recognizing that there are two
metrics in the problem, the bulk observer would see that these permit the definition
of two scale factors, ag and aγ. Although the bulk Einstein-Hilbert action implies
the Friedmann equation in the usual way for ag, it is only an ‘effective’ Friedmann
equation for aγ which the brane observer determines from photon observations.
2 (We
call the Friedmann equation for aγ ‘effective’ because the kinetic term for γµν comes
partially from the brane kinetic energy, rather than purely from the Einstein-Hilbert
action.) What the brane observer would say is a strange type of dark energy which
does not couple to the visible fields on the brane, the bulk observer understands to
be an artifact of the brane observer’s making observations using particles which are
confined to a moving brane universe; on the other hand, the bulk observer is able to
interpret these brane terms as due to particular properties of the higher dimensional
system, that is not possible to realize at the level of projected lower dimensional
physics.
It is this loop-hole which we wish to explore with the examples we provide in this
paper. We also believe that the analogy between the misguided brane observer and
2The brane observer could draw similar conclusion given sufficiently accurate measurements,
particularly using gravitational waves.
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the present-day evidence for dark energy is sufficiently uncomfortable to warrant
a more systematic study of preferred-frame and gravity-wave effects in post-BBN
cosmology.
3. Bouncing Boundary Branes
We have seen that for k = 0,−1 cosmologies — which are often the ones of current
interest — bouncing requires a violation of WEC and of DEC (which is to say
vanishing or negative energy density for some observers). In the recent literature,
systems that violate the DEC have been considered (see for example [22]), but they
often result, in instabilities [16].
The new feature of brane-world models is the possibility which they raise of
allowing bounces without necessarily paying the price of instability. Although ob-
servers on the brane do see a cosmological ‘fluid’ which violates DEC, this fluid is
the projection of bulk curvature onto the brane. And so long as the full bulk the-
ory is stable, it may be that this 4D DEC violation need not necessarily imply an
instability of the full theory. Our goal in the remainder of this paper is to provide
examples of brane-world models using spacetimes which appear to be stable.
The original proposal along these lines argues that an observer confined on a
brane embedded into a five dimensional Reissner-Nordstro¨m geometry experiences a
k = 0,±1 bounce for some brane trajectories [6, 10]. This observer finds source terms
in her effective 4D Friedmann equation which appears to have negative energy, in
agreement with the arguments of the previous section. Seen from the 5-dimensional
perspective, these terms arise as bulk curvature contributions which are projected
onto the brane. For the Reissner-Nordstro¨m example they are nonzero when the 5D
black hole carries nonzero charge, and are zero otherwise. For vanishing charge the
WEC-violating terms disappear, and the model has an initial singularity (at least
when k = 0 or −1).
The purpose of presenting these examples is to broaden the discussion of the con-
nections between bounces, singularities and instabilities. For instance, bulk stability
has been partially studied for some of the S-brane-like examples we provide in this
section, with some indications that they may not share the bulk instabilities of the
Reissner-Nordstro¨m geometry. The examples we provide also show that boundary-
brane bounces are possible for pure gravity (with a cosmological constant) and so the
presence of an electric charge in the background is not required. Instead, a feature
which all of the examples of this section share with the Reissner-Nordstro¨m example
is the presence of naked (time or space-like) singularities in the bulk spacetime, and
this makes it difficult to rule out instabilities which arise due to fluctuations which
propagate out of these singularities and reach the brane. This is likely related to the
violation of the dominant energy condition (DEC) which the 4D observer sees, since
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this energy condition is used in the proof that energy and momentum cannot appear
acausally, from outside the observer’s light cone.
In the remainder of this section we first review the origin of these WEC-violating
contributions to the effective Friedmann equation, and then use the results to exam-
ine several new co-dimension one brane-world scenarios.
3.1 Boundary Branes and the Effective Friedmann Equation
Consider a five-dimensional bulk space time, M , that contains (3 + 1)-dimensional
branes, B, on which 4-dimensional observers may be forced to live. We further
imagine that these branes are boundary branes, B = ∂M , which we realize by
imagining taking two copies of M on one side of B, and gluing these together at B
to define a covering space for which the two sides of the brane are identified by a Z2
symmetry.
The back-reaction of the brane onto the geometry of the spacetime is obtained
by requiring the system to satisfy appropriate matching conditions which relate the
stress energy on the brane to the discontinuity of the geometry across the brane.
The relevant discontinuity is in the extrinsic curvature, KMN = ∇MηN , where ηN is
the unit normal to the brane. The discontinuity condition states [23]
∆Kµν ≡ K+µν −K−µν = −κ25
(
T˜µν − 1
3
T˜ λλ γµν
)
, (3.1)
where T˜µν denotes the stress energy of matter on the brane, and γµν is the induced
metric on the brane.
Explicitly, consider the following ansatz for the five-dimensional metric
ds25 = −h(r) dt2 +
dr2
g(r)
+ r2dΩ2k,3 , (3.2)
where as before dΩ2k,3 represents the measure of a maximally symmetric three-
dimensional subspace of constant curvature k. Different kinds of horizons for this
metric correspond to null surfaces, r = rhi, along which g(r) vanishes (provided these
are not also curvature singularities). When such horizons exist h and g typically
change sign, and this can change the geometry’s Killing vectors from being spacelike
to being timelike (or vice-versa). In particular the metric is static (with t as the time
coordinate) if h and g are both positive, but it is explicitly time-dependent (with r
as the time coordinate) if h and g are both negative.
A simple choice for a 3-brane position is along a surface r = rb(t). Given this
choice the induced four-dimensional metric is then completely specified to be
ds2induced = −
[
h(rb)− 1
g(rb)
(
drb
dt
)2]
dt2 + r2bΩ
2
k,3
= −dτ 2 + a(τ)2dΩ2k,3 , (3.3)
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from which we see the brane’s proper time is given by dτ/dt =
[
h− (r′2b/g)
]1/2
,
the induced scale factor is a(τ) = rb[t(τ)] and so the resulting Hubble parameter is
H = a˙/a = (r′b/rb)
[
h− (r′2b/g)
]−1/2
. Notice that the derivative r′b = drb/dt vanishes
if the brane sits at a fixed coordinate position, r = rb, in a static geometry and so
H vanishes in this limit. On the other hand, r′b → ∞ if the brane sits at a fixed
coordinate (spacelike) position, t = tb, in a time-dependent geometry, and in this
case H → |g|1/2/rb.
Since r′b determines the brane’s extrinsic curvature, the trajectory, rb(t), is fixed
in terms of the stress energy on the brane by the junction conditions, (3.1). Thus,
the cosmological evolution in four dimensions, obtained by solving the junction con-
ditions at the singular surface, has a clear geometrical interpretation in the motion
of the brane along a time-like trajectory in the higher dimensional background [20].
Let us use the junction condition (3.1) to determine the form of the effective
Friedmann equation as seen by an observer riding on the brane in our background.
The extrinsic curvature can be written as
Kµν = 1
2
ησ
∂γµν
∂xσ
(3.4)
and, in our case, we take ησ = ± ( (hg)−1/2 r˙b, (hg)1/2 t˙, 0, 0, 0), and r˙ and t˙ are
derivatives with respect the proper time τ . There are two nontrivial junction equa-
tions arising from the time and space components of (3.4). The spatial components
of the extrinsic curvature can be found to be
Kij = rb g1/2
√
1 +
r˙2b
g
γij , (3.5)
When the energy density on the brane has a perfect fluid form, and there is no direct
coupling between bulk fields and brane matter besides gravity, the conservation of
energy momentum tensor on the brane lead to the the energy conservation equation
(2.4) for the energy density on the brane 3. It turns out that the time component
of the extrinsic curvature, gives a third, non independent equation, so we need only
to consider the spatial components as well as the energy conservation equations as
evolution equations.
Assuming, again, that there is no direct coupling between bulk fields (besides
gravity) and brane matter, the spatial components of the Israel junction conditions,
obtained from (3.5), gives us the effective Friedmann equation on the brane:
a˙2
a2
=
κ45 ρ
2
36
− g(a)
a2
, (3.6)
3The situation in which there is a direct coupling between bulk fields and brane matter will be
discussed in specific examples in the next sections.
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As it is clear from this formula, it is the term proportional to g(a) which can give
rise to negative contributions to the energy as seen by a brane observer.
It is useful to write eq. (3.6) in a way which is more suitable for both a numerical
or qualitative approach. Writing
a˙2 +W (a) = 0 , (3.7)
where
W (a) = g(a)− ρ2 a2 , (3.8)
the Friedmann equation is reduced to a Hamiltonian constraint for a particle having
zero energy [13]. The potentialW (a) must be non-positive in order to have a solution
of (3.7). It turns out that the solution has a bounce if W vanishes for some scale
factor, at, greater than zero, corresponding to a classical turning point of the particle
motion. To decide if a cosmological model bounces, it suffices to plot the function
W . This also provide us with constraints on the model parameters which have to be
satisfied in order to get a bounce.
In the next sections, we present various new examples of brane-world models
with a bouncing behavior. Our aim is mainly to describe the bouncing phase of the
history of these universes; for this reason, in general we do not discuss the subsequent
cosmological evolution in these models.
3.2 Pure Gravity S0-Brane Examples
In this section we provide additional examples of bouncing, co-dimension 1 brane
worlds which are similar in spirit to the Reissner-Nordstro¨m proposal of ref. [6, 10].
A motivation for examining more solutions comes from the recent observation that
the Reissner-Nordstro¨m brane-world model shares the instability of the underlying
5D geometry to back-reaction from fluctuations near the black-hole horizon [13]. As
such it cannot decide the stability issue.
Consider first five-dimensional gravity with a negative cosmological constant,
S5 =
∫
d5x
√−g
[
1
2κ25
R + 12Λ
]
+ S4 , (3.9)
where S4 is the action of a four brane embedded in the full five-dimensional space-
time and Λ is positive. The solution of interest to Einstein’s equations in the bulk
is
ds25 = −h(r) dt2 +
dr2
h(r)
+ r2dΩ2−1,3 (3.10)
with
h(r) = −1 + ξ
2
r2
+ Λr2 , (3.11)
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where ξ is an integration constant which is physically interpreted as measuring the
tension of the time-like singularities which source the gravitational field. Notice that
the surfaces of constant t and r are negatively curved.
If 4Λξ2 < 1 this geometry has two horizons, at r = r± with 2Λr2± = 1 ±√
1− 4Λξ2. Writing h(r) = Λ(r2 − r2+)(r2 − r2−)/r2 shows that h > 0 (and so the
metric is static) for r > r+ > r− and r < r− < r+, but h < 0 (and so the metric is
time-dependent) if r− < r < r+. The resulting causal structure can be represented
by a Penrose diagram which looks like that of an AdS-Reissner-Nordstro¨m black hole.
For Λ = 0, this background corresponds to an S0-brane geometry largely discussed
in [24, 25, 26].
The effective Friedmann equation for an observer bound to a brane moving along
a trajectory r = rb(t)
4 (or t = tb(r)) in this geometry takes the form
H2 = ρ2 − h(a)
a2
, (3.12)
where a(τ) = rb(τ) and κ
2
5 = 6. Writing the energy density on the brane as ρ = λ+ρm
with λ constant, eq. (3.12) becomes
H2 = 2λρm + ρ
2
m + (λ
2 − Λ) +
[
1
a2
− ξ
2
a4
]
. (3.13)
We identify the terms appearing in the RHS of (3.13) as follows. The first term
has to form of the standard, linear term in ρm, provided we define an effective
Newton’s constant in terms of the brane tension. The second is the now-familiar
quadratic correction in ρm, the third term, between normal parenthesis, comes from
the cosmological constants in the bulk and on the brane. The fourth term is the
usual contribution that comes because our spatial slices have negative curvature.
The final term is induced from the bulk and is the one which is most important for
our discussion, since it looks like a negative contribution to the energy which scales
with a like radiation (i.e. with ω = 1
3
). This term is precisely of the form discussed
in Section (2) which is required if the brane observer is to see a bounce.
We now concentrate on two interesting special cases. The first is the simplest
brane-world model that gives a bounce, consisting of a tensionless brane embedded
in an empty bulk. The second is a more realistic model that contains energy density
on the brane in the form of radiation. In both these two examples, an observer on
the brane probes physics in a frame in which the Planck mass is constant in time.
A Simple Special Case
As our first example, consider a tensionless, empty brane embedded in a pure S-
brane background. Since we seek simple examples of bounces rather than realistic
4The first example of brane-world in this geometry for zero bulk cosmological constant was
presented in [27].
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descriptions of the present-day universe, we take Λ = λ = ρm = 0 in the previous ex-
ample. The absence of stress-energy on the brane ensures the brane world-sheet must
embed into spacetime with vanishing extrinsic curvature, and inspection of eq. (3.5)
shows that this is only possible if h(rb) < 0 and r˙
2 = |h(rb)|. This corresponds to
the brane lying in the time-dependent regions of the bulk, sweeping out a surface
of constant spatial coordinate, tb. The Penrose diagram for such a brane-world is
shown in Figure 1.
In this case, eq. (3.12) reduces to
H2 = +
1
a2
− ξ
2
a4
, (3.14)
which can be integrated analytically, leading to
a2(τ) = τ 2 + ξ2 . (3.15)
The acceleration of the scale factor is everywhere positive, vanishing only asymptot-
ically:
a¨
a
=
ξ2
(τ 2 + ξ2)2
. (3.16)
The resulting cosmology has positive acceleration at any finite time, without the
horizon problem as discussed after formula (2.12).
From these expressions it is clear that the scale factor never vanishes, so the
3-brane has a smooth bounce that crosses the intersection point between the Cauchy
horizons. This bouncing geometry may be traced to the time-like singularities which
source the bulk metric, since it is the non-standard term proportional to ξ2 which is
responsible. If the singularities are eliminated by sending ξ → 0, the model becomes
a standard negative-curvature-dominated empty universe, with the usual singularity
at the origin.
t=0 t=0
t= 8t= 8
Figure 1: Graphical representation of a brane-world embedded in an S-brane background.
Stability against Perturbations
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The stability of the bulk spacetime has been studied with mixed results. Although
ref. [24, 26] found the geometry to be unstable to general perturbations, ref. [28] has
pointed out that it is stable if fields are assigned initial conditions having compact
support in the remote past. It is not yet known whether physical considerations can
decide which set of boundary conditions should be used, or if instabilities may be
generated by perturbations which propagate in along the horizon from the time-like
singularities.5
The same issues arise when the boundary brane is present, and these ensure the
spacetime is stable against fluctuations which are confined to the brane (since these
have compact support in the past, when viewed from the bulk). To see this explicitly
let us evolve the fluctuations of a brane-bound massless, minimally-coupled scalar
field, φ, using the induced brane metric, whose amplitude is small enough that it
does not significantly change the cosmological evolution of the background [6].
Using conformal time, the induced metric seen by the scalar field is
ds24 ≡ a2(η)
[−dη2 + dΩ2−1,3]
= ξ2 cosh2 η
[−dη2 + dΩ2−1,3] , (3.17)
and the equation of motion for a fluctuation mode, vk = a δφk, with a given co-moving
momentum, k, becomes
v′′k +
(
k2 − a
′′
a
)
vk = 0 . (3.18)
Here primes denote differentiation with respect to η, and for the metric under con-
sideration a(η) = ξ cosh η, so a′′/a = 1.
The WKB solutions for modes not near k2 = 1, is
δφ±k =
v±k
a
=
e±iη
√
k2−1
a(η)
[
2
√
k2 − 1]1/2 if |k| > 1 ,
=
e±η
√
1−k2
a(η)
[
2
√
1− k2]1/2 if |k| < 1 . (3.19)
Because a(η) ∝ eη for large η, these expressions show that for all k, δφ±k (η) remains
bounded for any η (despite the exponential growth of v+k for |k| < 1, which arises
because of the positive acceleration: a′′/a > 0). This is in particular true through the
problematic bouncing region, η ≃ 0, during which the brane crosses the bulk-space
horizon. Notice also that for large k the resulting power spectrum is k3|δφk|2 ∝ kn−1
with n = 3, as is expected for a bouncing cosmology.
Although this calculation indicates an absence of instability caused by brane-
bound fluctuations, it does not address the stability of the underlying spacetime to
5We thank Rob Myers for conversations on this point.
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fluctuations along the Cauchy horizon, and so cannot ultimately arbitrate the issue
of stability.
Compactification
In scalar-tensor theories, it is well known that field redefinitions can change a metric
which bounces into another in which the bouncing behavior is different, or even
disappears [32]. Since it is a bounce in the Einstein frame (for which the Einstein-
Hilbert action has the standard scalar-independent form) for which the analysis of
Section 2 relies, it is important to check that the bounces we obtain are really bounces
when viewed from the 4D Einstein frame. Since the example of present interest is so
simple, it allows this to be checked explicitly.
In the example we are considering, the Planck mass is independent on time. Let
us ask what happens, in this case, when the spatial extra dimension is compactified
on a circle. Recall that (for Λ = 0) tensionless branes sit at a fixed spatial coordi-
nate, t = tb, in the time-dependent region for which r > ξ is the time coordinate
and h(r) = −1 + ξ2/r2 < 0. In this case, since the geometry is invariant under
translations of t, we may compactify in this direction by identifying points for which
t ∼ t + L, for some L. Once this is done, the dimensional reduction from 5 to
4 dimensions introduces the time-dependent circumference C ∝ √|h(r)|L into the
Einstein-Hilbert action, implying the compactification introduces a time-dependence
on the effective 4D Newton’s constant. Consequently, let us transform the metric
to go to the Einstein frame, in which the Planck mass is constant: we must rescale
the 4D metric according to gµν → gµν/
√|h|, and so repeating the above arguments
leads to the scale factor:
aE(r) =
r
|h(r)|1/4 =
r
|1− ξ2/r2|1/4
. (3.20)
Similarly, the proper time becomes(
dτE
dr
)2
=
(
1
|h|
)3/2
=
1
|1− ξ2/r2|3/2
, (3.21)
and so τE increases monotonically with r as r either runs from ξ to ∞ or from∞ to
ξ. The Hubble parameter is therefore
H2 =
(
daE
dr
dr
dτE
)2
=
[1− 3ξ2/(2r2)]2
1− ξ2/r2 . (3.22)
We see that, in the Einstein frame, a bounce again occurs, but the turning point is
located at r2 = 3
2
ξ2, and so is away from the horizon of the bulk geometry (which
is situated at r = ξ). For instance, if r increases from ξ to ∞, aE initially contracts
from an infinite value when r = ξ until it reaches a minimum at r2 = 3
2
ξ2 and then
grows asymptotically as r →∞.
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Notice that the above explicit compactification is possible for the tensionless
brane because it necessarily moves only within the time-dependent regions of the bulk
geometry. If the brane were to pass into the static regions, spatial compactification
would necessarily have to be done in the r direction along which the metric is no
longer symmetric.
An example with brane matter
We next consider equation (3.13) in more detail. Although the general case is not
amenable to analytic solution, it may be treated using the method of the effective
potential, as explained in Section (3.1). The effective potential relevant to the general
case (3.23) is
W (a) = −2λρm a2 − ρ2m a2 − 1 +
ξ2
a2
− (λ2 − Λ) a2 , (3.23)
and our interest is in whether this function has zeros, which represent the locations
of a bounce. Let us consider a matter energy density, ρm, consisting of radiation:
ω = 1
3
. The potential 3.23 becomes
W (a) = − c
2
a6
+
(ξ2 − 2λ c)
a2
− 1− λ4eff a2 , (3.24)
where we define λ4eff = λ
2 − Λ > 0, and we take this quantity to be positive. From
the above expression it is possible to argue that in order to have a bounce on the
brane, we must choose ξ2 − 2λ c > 0.
W(a)
h(a)at rc
Figure 2: Plot of the potential W of (3.23) and of the metric function h in (3.11). Writing
ρm = c a
−3(1+ω), we choose ω = 1/3, ξ = 3, λ = 1, Λ = 10−4, c = 1. Notice that we have a
bonce around the turning point represented by at, the minimum value for the scale factor,
that corresponds to a zero for W . This point is inside the Cauchy horizon, which is labeled
by rC .
Once this condition is satisfied, there can be a bouncing turning points for certain
values of the parameters. We plot in Fig. (2) the potential,W (a), as well as the metric
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function h(a) that characterize our background for some of these values, as indicated
in the figure caption. As the figure makes clear, W has two zeros. The left-most zero
corresponds to a universe of finite lifetime with an initial and final singularity, but
the zero labeled at corresponds to the turning point of a bouncing universe without
singularities. The corresponding brane-world necessarily crosses the Cauchy horizon
of the bulk geometry, which is marked in the figure as rC .
3.3 S0-Branes with Dilatonic Bulk Matter
In this section we consider more complex examples, where the bulk solution contains
a dilaton which we endow with a non trivial Liouville-type potential, given by the
sum of several exponential terms. Again, our interest is in exhibiting simple bouncing
cosmologies rather than describing the present-day universe.
For this example we consider the following five-dimensional action, containing
gravity and a scalar field having a bulk potential given by a sum of two Liouville
terms, plus a potential on the 3-brane 6. The purpose of this example is to understand
how the introduction of bulk matter changes the relationship between the bounce
and the horizons and singularities of the bulk geometry, and how the choice of the
bulk field potential is connected with the bounce properties from a lower-dimensional
point of view. We find that a direct coupling between the bulk scalar and the energy
density on the brane is necessary for the consistency of the model. This fact makes
the brane cosmology during the bouncing phase non-standard, since there is a non-
vanishing flow of energy between bulk and brane.
The action for the model is7
S =
∫
d5x
√−g
[
R− 1
2
(∂φ)2 − Λ1e−2φ/(3σ) + Λ2e−σφ
]
+
∫
d4x
√−g4 ρU(φ) , (3.25)
where ρ denotes the energy density of all of the brane-bound fields (including the
tension and possible contributions from various forms of matter). For now we leave
the coupling function U(φ) unspecified, although we shall later specialize to an ex-
ponential function.
A solution to the coupled dilaton-Einstein field equations for this bulk system
was found in ref. [29], and is given by
ds25 = −h(r) dt2 +
r3σ
2
h(r)
dr2 + r2 dΩ2k,3 ,
φ = 3σ ln r , (3.26)
with
h(r) = − 8k r
3σ2
(3σ2 − 2)(4 + 3σ2) +
2Λ2 r
2
3(8− 3σ2) , (3.27)
6An example of bouncing brane-world with a simpler dilaton potential can be found in [30].
7In this and next sections we take 2κ2
5
= 1.
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and where the constants σ, Λi and k = 0,±1 are related by the constraint
Λ1 =
18k σ2
3σ2 − 2 . (3.28)
In what follows we choose the parameters in the bulk so that both k/(3σ2 − 2) and
Λ2 are positive, which implies that k = 1. The causal structure is very similar to
that of a S-brane (see Fig. 1).
Constructing a boundary brane as before, we must satisfy a junction condition
for the dilaton in addition to the metric condition already discussed. We find the
scalar condition
4 η · ∂φ
∣∣∣
rb=a(τ)
=
∂
∂φ
[ρU(φ)]
∣∣∣
rb=a(τ)
(3.29)
where ηµ = ±r3σ2/2(r˙h−1, h r−3σ2 t˙, 0, 0, 0) is the unit normal to the brane, and a dot
denotes differentiation with respect to the cosmic time τ . For a given bulk field
configuration, this condition must be read as a condition on the interaction function
U . This condition can be combined with the Israel junction conditions to get the
energy conservation equation in this case
ρ˙+ 3H(ρ+ p) = −ρ φ˙U
′
U
, (3.30)
where ′ = d/dφ. This equation tells us that there is a nonvanishing energy flux
between the bulk and the brane, which depends on the choice of the scalar coupling
U .
The junction conditions for the metric give us the brane trajectory, rb(τ), and
from this we obtain the effective Friedmann equation seen by the brane-bound ob-
server. We obtain
H2 =
[ρU(φ)]2
144
+
[
8
(3σ2 − 2)(4 + 3σ2) a2 −
2Λ2
3(8− 3σ2) a3σ2
]
. (3.31)
The first term here gives the dilatonic generalization of the energy-density contribu-
tion to the Friedmann equation. The last term is the negative-energy contribution,
which scales with a as would a fluid having equation of state parameter ω = −1+σ2.
In order to obtain positive acceleration, we must choose σ2 > 2
3
. A part from this
requirement, we can tune the degree of acceleration of the model by appropriately
dialing σ. The necessity for the negative-energy contribution, despite having chosen
k = +1, can be seen from the second-last term, which is what would have been
expected for k = −1 rather than k = 1. This difference is due to the effect of the Λ1
term in the scalar potential, which generates terms which scale as 1/a2 and so which
competes with the spatial-curvature term.
We now return to face the issue of determining the coupling function U(φ). For
definiteness we choose the ansatz where U is an exponential: U(φ) = e−βφ. The
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scalar junction condition (3.29) can then be rewritten as:
12
σ
a
√
h a−3σ2 + a˙2 = −ρβa−3σβ . (3.32)
This condition is equivalent to the Friedmann equation — and so is automatically
satisfied — provided we choose β = ±σ. Any other value gives a constraint incom-
patible with the Friedmann equation, and so one which cannot be true identically
for all values of φ evaluated at the brane.
Choosing this value, the system satisfies all the junction conditions, and the
Friedmann equation becomes
H2 =
ρ2
144
a∓6σ
2
+
[
8
(3σ2 − 2)(4 + 3σ2)
1
a2
− 2Λ2
3(8− 3σ2)
1
a3σ2
]
, (3.33)
while the equation of conservation of energy becomes
ρ˙+ 3H(ρ+ p) = ±3Hσ2ρ . (3.34)
From this equation, the dependence of the energy density on the scale factor, in the
case of one form of matter, can be easily found to be:
ρ = ρ0 a
−3(1+ω∓σ2) . (3.35)
Plugging this into (3.33), it is easy to see that the unconventional factor a∓6σ
2
of the
first term cancels away. That is, we get simply H2 = a−6(1+ω)/144+(bulk contribu-
tions), as in the nondilatonic cases.
The previous two formulae indicate that the resulting cosmology during the
bouncing phase is quite non-standard, due to the flow of energy from brane to bulk.
For this reason, we consider the model as suitable for describing only the very early
universe, rather than the post-BBN universe which is visible through cosmological
observations. In the following we concentrate on the Friedmann equation to describe
the bouncing properties of this universe.
Equation (3.33) is not easy to solve analytically, so we use instead the effective
potential method to determine if and when a bounce occurs. The effective potential
in this case is given by
W (a) =
2Λ2
3(8− 3σ2)
1
a3σ2−2
− 8
(3σ2 − 2)(4 + 3σ2) −
ρ2
144 a6σ2−2
, (3.36)
where for definiteness we choose β = −σ. It is also convenient to choose for simplicity
only tension as the matter content on the brane, ρ = λ = constant. The dynamics of
the bounce changes its dependence on the choice of the conformal factor σ. In any
case, it is possible to check that the turning point lies inside the Cauchy horizon (see
Fig. 3 for a specific example in which we plot the potential and the function h).
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h(a)
W(a)
r
at
C
Figure 3: Effective potential for the dilatonic model described in eq. (3.36). We choose
σ = 1, Λ2 = 33, λ = 3.8. The metric function h(a), given in (3.27), is also included.
A full stability analysis has not been performed for these spacetimes, but because
their causal structure is similar to the pure-gravity S-brane considered earlier, it is
likely that the stability issues are also similar. That is, we expect stability if we are
free to choose only compact-support initial conditions and to ignore radiation coming
out of the singularities, but not generally otherwise.
3.4 S0-Branes with a Bulk Dilaton and a Gauge Field
Our next example is a generalization of the previous one, in such a way as to change
the causal structure of the bulk geometry so that it does not contain the time-like
singularities of the S-brane geometries considered up to this point. The geometry
instead contains naked space-like singularities, as well as the corresponding Cauchy
horizons.
The model consists of a five-dimensional action, containing gravity, a dilaton
field (with a potential), and a gauge field which couples non-minimally to the dilaton
field (such as generically occurs in supergravity models). Again we construct a four-
dimensional boundary brane, which in general is also coupled to the dilaton field.
The total action takes the form
S =
∫
d5x
√−g
[
R− 1
2
(∂φ)2 − 1
4
e−σφ F 22 − V (φ)
]
+
∫
d4x
√−g4 ρU(φ) , (3.37)
where F2 = dA is the field strength associated with the gauge field. We assume a
dilaton potential of the form
V (φ) =
3∑
i=1
Λi e
−λi φ , (3.38)
and, as before, ρ is the energy density of any fields which are localized on the brane
(including the brane tension) and U(φ) is the dilaton-brane coupling function.
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A solution to the bulk field equations for this system is given in [29], and is given
by
ds25 = −h(r)dt2 +
dr2
g(r)
+ r2dΩ2k,3 ,
φ =
√
3 ξ ln r ,
F tr = Qrσξ
√
3−3−ξ2/2 ǫt r , (3.39)
with g(r) = r−ξ
2
h(r), and
h(r) = −2Mrξ2/2−2− 2λ1Λ1 r
ξ2
ξ
√
3(4 + ξ2)
− 2Λ3 r
2
3(8− ξ2) +
[σ Q2 − 2λ2Λ2] rξ2+2−ξ λ2
√
3
ξ
√
3(8 + ξ2 − 2√3λ2ξ)
. (3.40)
ξ is an integration constant, and the following constraints must be satisfied:
λ1 =
σ + λ2
n
, λ3 =
2
3λ1
, (σ + λ2) ξ = 2
√
3 ,
(3.41)
Λ1 =
6k λ3
λ3 − λ1 , Q
2(σ + λ3) = 2Λ2(λ2 − λ3) . (3.42)
1r
rC
r3
Inner            
Cauchy           
Outer             
horizon
horizon
horizon
     
r=0
r=
r=
r=0
8
8
Figure 4: Penrose diagram for solution (3.43). Notice the presence of space-like naked
singularities, from which signals can affect brane physics. As a consequence of these naked
singularities, Cauchy horizons are present.
In order to obtain an example with an interesting bounce, we specialize to the
case where ξ, Λ1 and M are all positive, λ2 = 0 and Λ2 and Λ3 are both negative.
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Assuming λ1 = 1/
√
3, we find ξ = 2, λ3 = 2/
√
3, σ =
√
3, Λ1 = +12 (k = 1) and
Q2 = −4
5
Λ2. With these values the bulk solution becomes
ds25 = −h(r)dt2 +
r4
h(r)
dr2 + r2dΩ21,3 ,
φ = 2
√
3 ln r ,
F tr = Qr ǫt r ,
h(r) = −2M − r
4
2
+
|Λ3|
6
r2 +
Q2
24
r6 . (3.43)
The causal structure of this spacetime is illustrated in the Penrose diagram of Fig. (4).
The diagram contains non-standard examples of Cauchy horizons, associated with
the presence of naked space-like singularities. These singularities are naked since
signals that follow time-(or null-)like trajectories, coming from these singularities,
can influence an observer that moves in the geometry.
We now work out the implications of the junction conditions at the position of
the brane8. The metric condition is obtained as before, and gives rise to the following
Friedmann equation
a˙2
a2
=
[ρU(φ)]2
144
− h(a)
a6
, (3.44)
where a(τ) = r(τ), as before. From the dilaton junction condition eq. (3.29), we find
8
√
3
a
√
ha−4 + a˙2 = −ρβa−2
√
3β . (3.45)
where the normal vector to the brane is given by ηµ = ±r2(r˙h−1, t˙h r−4, 0, 0, 0), and
we have taken, as before, an exponential ansatz: U(φ) = e−βφ.
The scalar junction condition is equivalent to the Friedmann equation if we
choose β = ±2/√3, and with this choice the system satisfies all the junction condi-
tions. The effective 4D Friedmann equation for brane-bound observers becomes
H2 =
ρ2
144
a∓8 −
[
−2M
a6
+
|Λ3|
6 a4
− 1
2 a2
+
Q2
24
]
. (3.46)
Here again, the conservation equation implies the modified dependence
ρ = ρ0 a
−3(1+ω∓4/3) , . (3.47)
Plugging this into the Friedmann-like equation cancels the extra power of the scale
factor in the first term, a∓8. We end up then with H2 ∝ a−6(1+ω) as in the nondila-
tonic cases. Moreover, in the case of a cosmological constant ω = −1, living on the
8Also in this case, the equation of conservation of energy is not satisfied on the brane alone due
to a flow of energy into the bulk. Considerations similar to the previous model apply.
– 22 –
brane, one could cancel it with the charge term in the Friedmann equation, as in the
Randall-Sundrum-like scenarios.
Notice that we do not have to impose additional junction conditions for the
gauge field, since we choose it with opposite charges at the two sides of the brane.
Consequently, the flux lines extend continuously over the brane, which does not carry
any charge.
We can now analyze if there exist a bouncing brane world, by looking at the
effective potential W (a). Choosing the brane matter to be pure tension, we find
W (a) = −2M
a4
− 1
2
+
|Λ3|
6a2
+
Q2 a2
24
− λ
2
144 a6
. (3.48)
The resulting potential is drawn — together with the metric function h— in Fig.( 5),
where we choose the remaining parameters to lie in regions for which there are three
independent horizons, and for a small value for the brane tension. From this figure
it is clear that there are three turning points, one corresponding to a short-lived
expanding-then-contracting universe, and the others corresponding to an oscilla-
tory universe which undergoes repeated expansion and contraction. The innermost
bounce occurs inside the Cauchy horizon (marked as rC in figures 4 and 5) but the
Penrose diagram shows why this is not inconsistent with having repeated bounces.
W(a)
at
r
at
r1
h(a)
C
Figure 5: Effective potential (3.48), for the charged dilatonic model. For the parameters,
we choose M = 10−2, Λ3 = Q = 1.6, λ = 0.06. The metric function h(a), given in (3.43),
is also included.
The question of the global stability of this non-standard bulk geometry (and
consequently of the brane-world model) remains open, since it has not yet been
addressed in the literature. We expect the main issues to be similar to what is
encountered in the simpler S-brane examples.
4. Bouncing Probe Branes
We next turn to a different class of bouncing models which are more closely based on
string theory. In them the brane world is a probe brane rather than a boundary brane,
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which we take to move in the background fields of a stack of source branes, which solve
the field equations of a higher-dimensional supergravity. For the present purposes
such probe-brane systems have both advantages and disadvantages relative to the
codimension-one boundary branes of the previous section. Their main advantages
are that they allow the discussion of bounces to be moved to a broader context than
purely 5-dimensional examples. In particular, they allow the use of supersymmetric
backgrounds for which the bulk is known to be stable. Their main disadvantage is
that the observer’s brane is just a probe, and so the analysis does not allow one
to follow how the brane stress-energy back-reacts onto the bulk spacetime. Other
examples of probe brane cosmologies in various string theory backgrounds have been
discussed recently in [19, 32, 33].
By taking a background that preserves some of the supersymmetries of the bulk
action we can be sure the background geometry is stable. This leaves only insta-
bilities associated with the branes themselves as potential threats to the stability
of the bouncing brane-world. When the back-reaction of the probe branes is taken
into account new instabilities can appear, but these types of instabilities can be con-
trolled if the system is close to a supersymmetric limit. One easy example of this
type consists of a probe D-brane moving in the fields of a stack of parallel D-branes
having the same dimension. When the probe brane is at rest this system is supersym-
metric, but small relative velocities break the supersymmetry very softly, allowing
a time-dependent metric to appear on the probe brane. Within the non-relativistic
approximation there is no interaction potential, and the probe brane trajectories can
be made arbitrarily close to straight lines. In such a situation there is a bounce
in the probe-brane induced metric as the branes pass through their point of closest
approach to one another.
4.1 The Branonium System
Probe
N  branes
antibrane
Figure 6: Branonium is the bound state of an anti-brane orbiting a set of source branes.
We briefly review here the analysis of [31], who consider the motion of a straight
probe anti-brane as it moves within the fields set up by a stack of N parallel source
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branes (see figure 6). The source and probe branes are imagined to be parallel and
to have the same dimension, d = p+1. It is argued in [31] that a probe brane which
is initially parallel to the source branes — and which starts sufficiently far away
— tends to move rigidly, without bending or rotating relative to the source branes.
Because of this the probe-brane dynamics is described by the motion of its center of
mass, which behaves much as would a point particle moving through the dimensions
transverse to the branes.
Since the branes are flat their internal dimensions are easily compactified using
toroidal compactifications, and although more care is required the same can also be
done for the dimensions transverse to the brane. We imagine that once this is done
there are dT dimensions transverse to the brane which are relatively large and within
which the probe brane moves.
Dynamics and Orbits
Following [31] we take the bulk fields to be governed by the bosonic supergravity
action
Ss = −
∫
dDx
√−g
[
1
2
gMN
(
RMN + ∂M φ ∂N φ
)
+
1
2n!
eαφ FM1...Mn F
M1...Mn
]
,
(4.1)
where the n-form field strength is related to its (n − 1)-form gauge potential in the
usual way F[n] = dA[n−1]. n is related to the spacetime dimension d of the source
branes by d = n− 1.
The solution describing the fields sourced by a stack of source branes is given in
the Einstein frame by
ds2 = h−γ˜dx2 + hγdy2 , eφ = hκ , A01...p = (1− h−1) , (4.2)
where all the other components of the (n− 1)-form field vanish. The constants γ, γ˜
and κ are given by
γ =
d
(D − 2) , γ˜ =
d˜
(D − 2) , κ =
α
2
, (4.3)
where d˜ = D − d − 2 and for d = p + 1 dimensional branes α = 1
2
(3 − p). We
denote the d coordinates parallel to the branes by xµ and the dT = D− d transverse
coordinates by ym. The harmonic function, h, is given by h = 1 + k/rd˜ with k > 0
and r2 = ymym.
The Lagrangian describing the probe brane motion through these fields is ob-
tained by evaluating the Dirac-Born-Infeld (DBI) and Wess-Zumino (WZ) action
at the position of the probe brane, using the fields — dilaton, φ, metric gMN and
Ramond-Ramond d-form gauge potential AM1...Md — sourced by the stack of source
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branes. For some choices of parameters this leads to the simple lagrangian for the
motion of the probe brane’s center of mass
L = −m
h
(√
1− h v2 − q
)
. (4.4)
Here v2 = y˙my˙m denotes the squared speed of the probe brane’s center of mass.
The mass, m, is related to the brane tension, Tp and spatial world volume, Vp, by
m = TpVp, and we imagine the dimensions parallel to the branes to be compactified
so that Vp is very large, but finite. The first term of eq. (4.4) represents the probe-
brane coupling to the dilaton and metric through the DBI action, while the second
term gives its coupling to Ramond-Ramond potential through the WZ term. The
probe brane’s charge for this gauge potential is denoted q, and is +1 for a probe
brane or −1 for an antibrane.
Conservation of angular momentum in the transverse dimensions ensures that
the brane motion is confined to the plane spanned by the particle’s initial position
and momentum vectors. Denoting polar coordinates on this plane by r and θ, and
specializing to Dp-branes in 10 dimensions (or their dimensionally-reduced counter-
parts) the Lagrangian for the resulting motion becomes
L = − m
h
[√
1− h (r˙2 + r2θ˙2)− q
]
, (4.5)
Remarkably, the orbits for this fully relativistic branonium Lagrangian can be
found by quadrature [31] simply by following the standard steps used for nonrela-
tivistic central-force problems, and are given by:
θ − θ0 =
∫ 1/r
1/r0
dx√
A+B xd˜ − x2
(4.6)
where A = (ε2+2 q ε)/ℓ2 and B = k ε2/ℓ2. Here ε = E/m is the energy per unit mass
and ℓ = pθ/m is the angular momentum per unit mass, which are given explicitly by
ℓ =
pθ
m
=
r2θ˙√
1− h (r˙2 + r2θ˙2)
(4.7)
and
ε =
E
m
=
1
h
[
1 + h
(
ℓ2
r2
+ ρ2r
)]1/2
− q
h
, (4.8)
both of which are conserved during the motion (up to Hubble-damping effects). Here
ρr is the canonical momentum in the radial direction, given by
ρr =
pr
m
=
r˙√
1− h (r˙2 + r2θ˙2)
,
= r˙
(
1 + ℓ2 h/r2
1− h r˙2
)1/2
. (4.9)
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The turning points of the motion may be found by examining the effective po-
tential, which is obtained by evaluating the energy at ρr = 0, since this is an absolute
lower bound for the energy. The result is
Veff(r) =
1
h
{[
1 + h
(
ℓ2
r2
)]1/2
− q
}
, (4.10)
where ℓ is the orbital angular momentum. We plot this potential for the choice
d˜ = 1 (3 large transverse dimensions) in Fig. (7). Classically allowed motion occurs
for any energy, ε, which lies above this curve, and turning points occur for r = rt
satisfying ε = Veff(rt). Clearly if ℓ 6= 0 at least one turning point exists for any
energy, corresponding to the point of closest approach due to the centrifugal barrier
of a probe brane having a nonzero initial impact parameter. A second turning point
occurs when bound orbits exist, such as happens for the brane-antibrane example
(q = −1) with d˜ = 1.
antiD6-brane probe
D6-brane probe
Legend
          Effective potential for D6 and antiD6-brane probe
0
1
2
3
4
V(r)
2 4 6 8 10
Figure 7: The effective potential for the radial motion of the brane centre-of-mass.
4.2 Branonium Bounces
Degrees of freedom trapped on the probe brane ‘feel’ the following induced metric
dsˆ2 = h−β
[(−1 + hv2) dt2 + (dξi)2] , (4.11)
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where i = 1, . . . , p, and
β =


8−d
8
in the Einstein frame
1
2
in the string frame
(4.12)
To go to the string frame one must multiply the Einstein-frame metric by eλφ,
where λ = 1/2. Notice that for the (interesting) case d = 4 the value of β in the two
frames coincide. The metric (4.11) is explicitly time-dependent, despite the static
nature of the bulk geometry, due to the brane’s motion through the bulk. The time
dependence appears through the dependence of the harmonic function, h = 1+k/rd˜,
on the probe brane position as well as through the explicit dependence on the brane
speed if the brane accelerates.
The induced metric on the brane has the FRW form, with flat spatial slices,
k = 0, as may be seen by transforming to the FRW time coordinate, τ , defined by
dτ
dt
=
√
h−β(1− hv2) , (4.13)
in terms of which the metric takes the form
ds2 = −dτ 2 + a2(τ)(dξi)2 (4.14)
with scale factor a(τ) = h−β/2.
Since β > 0 the scale factor increases when h decreases, and so when the distance
between the branes increases. For circular orbits there is no time-dependence to the
scale factor at all, but this is no longer true for elliptic orbits for which the scale
factor oscillates, making distances on the brane appear to contract when the branes
approach one another and expand when they recede. Clearly we expect bounces to
occur since classical trajectories exist for which the radial motion is not monotonic.
The Hubble parameter for this geometry has the form
H =
1
a
da
dτ
=
1
a
da
dt
dt
dτ
=
d˜βk
2 rd˜+1
hβ/2−1√
1− hv2
dr
dt
. (4.15)
Notice that the sign ofH depends only on the sign of the radial velocity, as advertised.
dr/dt can be eliminated in favor of the energy ε and angular momentum ℓ using
r˙2
1− h v2 = ρ
2
r =
(ε h+ q)2 − 1
h
− ℓ
2
r2
, (4.16)
to write the effective 4D Friedmann equation (using q2 = 1)
H2 =
(
d˜βk
2 rd˜+1
)2
h(β−2)
[
ε(ε h+ 2 q)− ℓ
2
r2
]
. (4.17)
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As expected, for probe branes (q = +1) it is the angular momentum term which
plays the role of the negative contribution which is responsible for the bounce. Notice
that there is no ρr dependence in the Friedmann equation because our probe-brane
assumption implies the energy on the brane is so small that its back reaction on the
metric is negligible. The scaling with a of the various terms on the right-hand-side
takes a complicated form, obtained by inverting a = h−β/2(r) to obtain r(a).
A bounce is present when the right-hand side of the previous formula vanishes
for a finite value of r (and, consequently, of a). For the particular and interesting
case p = 3 (corresponding to a four dimensional cosmology) one finds a solvable
equation, that furnishes the following two turning points, r12
r212 =
1
2ε(ε+ 2q)
[
ℓ2 ±
√
ℓ4 − 4kε3(ε+ 2q)
]
. (4.18)
There are two turning points, and so we have a cyclic model, when the following
inequalities are satisfied
ε +2q > 0
ℓ4 > 4ε3k(ε+ 2q) . (4.19)
Also notice that in the non-relativistic limit we have ℓ2/r2 ≪ 1, k/rd˜ ≪ 1 and
ε ≈ 1 − q + δε with |δε| ≪ 1, and so to leading order in k/rd˜ and v2 we may take
h→ 1 in the above expression for H2 (because of the overall pre-factor of (k/rd˜+1)2).
This gives the approximate result
H2 ≈
(
d˜βk
2 rd˜+1
)2 [
2δε [(1− q)h+ 2q] + 2(1− q)(h− 1)− ℓ
2
r2
]
. (4.20)
For branes (q = 1) the potential vanishes and the only thing that remains is the
angular momentum term and the variation of the energy, consistent with the su-
persymmetry of the brane-brane system, which has no interaction at leading order.
Trajectories are, at this level, straight lines. The Hubble constant becomes zero
when r has the smallest value, which is the same as the initial impact parameter.
For antibranes (q = −1) we have a potential 2(1 − q)k/rd˜, which is attractive as
expected. Notice that the term in the brackets vanish at 4k/rd˜ − ℓ2/r2 = 0
4.3 Compactification
As before, it is important to ask in the present instance whether or not the probe
brane of the previous discussion experiences a bounce in the 4D Einstein frame. For
systems of parallel branes and antibranes it is relatively straightforward to compactify
the dimensions along the brane dimensions, because translation invariance in these
directions allows this to be done on a torus. Such a compactification does not alter
the discussion of the orbits given above.
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Because the branes involved are BPS, toroidal compactification of the dimensions
transverse to the branes is also possible. This is because the BPS condition allows a
general solution for the bulk supergravity fields to be found for arbitrary collections
of parallel and static source branes, and toroidal compactification may be achieved by
supplementing the original source branes with appropriate images. If the transverse
dimensions are large compared with size of the probe brane orbits, the image charges
should not appreciably perturb the motion, leaving the above analysis unchanged
(just taking into account the cancellation of Ramond-Ramond charges in the compact
space).
If we start, as we have assumed until now, in the higher-dimensional Einstein
frame, any dimensional reduction introduces a factor of the volume of the compact
dimensions into the effective 4D Planck mass, but this volume is independent of time
for our purposes because the bulk fields are static and the volume does not depend
on the probe-brane position. It follows that the bounce we describe in this section
also occurs in the 4D Einstein frame.
Notice that, however, an observer on the brane that measures the Newtonian law
between two bodies discovers that the force depends on time. This is due to the fact
that the brane, moving through the bulk, probes different values of the warp factor
at each position of the brane. This fact reflects on a time dependence of the mass of
the bodies, and this implies a time dependence on the gravitational force [32].
4.4 Stability
As mentioned earlier, stability issues should be easier to understand in the branon-
ium setup, given the stability of the bulk field configurations. Although the brane-
antibrane system is certainly unstable to mutual annihilation, this is only effective
once the branes pass to within of order the string length of one another, r <∼ ls.
Ref. [31] investigated other stability issues, including the possibility of the probe
brane rotating or bending as it moves in the background fields, and found that they
were stable.
In particular, stability against probe-brane bending in response to tidal forces
from the source branes was found not to be a problem for branes separated by
distances much larger than the string scale because the brane tension acted as a
restoring force which overwhelmed the disrupting tidal forces. One might worry
that to the extent that the brane is at a classical turning point, its effective tension
vanishes as its classical kinetic energy does.9
We do not believe such a tidal instability to occur because the above analysis
shows that for branonium the bounce is tied to a vanishing radial velocity, and this
is independent of the tension. In particular, we have seen that bounces are possible
in the nonrelativistic limit, and in this limit the tension becomes a large additive
9We thank Rob Myers for conversations on this point.
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constant in the probe brane energy, which is completely independent of the radial
motion.
5. Conclusions
In this paper we construct several new brane-world models for which brane observers
experience a bouncing cosmology. We present two classes of examples: those having
a boundary 3-brane in a curved 5-dimensional spacetime, and those involving probe
branes in potentially more than one higher dimension.
Our boundary-brane models came in several variants, depending on whether the
bulk fields consisted of pure gravity, dilaton gravity, or dilaton-gravity plus a gauge
field. In all cases we used explicit solutions to the bulk equations, and built the
boundary brane by cutting and pasting along the brane’s position in the usual way.
The various junction conditions were implemented and determined the brane’s trajec-
tory through the bulk space. In all cases where the brane geometry bounced, induced
bulk-curvature effects provided the negative-energy contributions to the effective 4D
Friedmann equation which are required on general grounds.
The bulk geometries obtained had horizons and singularities, which played an im-
portant role in achieving the brane-world bounce, by providing the required negative-
energy terms in the effective 4D Friedmann equation. We have consequently a higher
dimensional, geometrical picture of the source of DEC violating terms, the presence
of the source singularities for the bulk fields produce the necessary acceleration.10 For
the simplest geometries these singularities were time-like, but for more complicated
examples they were space-like.
The presence of singularities in the bulk is worrisome from the point of view of
stability since it signals the lack of full control of the system. In particular, there can
be uncontrollable signals coming from the singularity which could crucially affect the
physics on the observer’s brane. This is likely related to the violation of the dominant
energy condition (DEC) which the 4D observer sees, since this energy condition is
used in the proof that energy and momentum cannot appear acausally, from outside
the observer’s light cone.
Although we show that scalar-field perturbations on the 3-brane are not unsta-
ble, this does not preclude the existence of instabilities in the bulk theory, such as
has been considered for some of the spacetimes considered in [24] and [28]. In the
examples which have been examined the existence of intrinsic bulk instabilities ap-
pears to be tied to assumptions about initial conditions, and to the properties of the
timelike singularities. According to [28] these geometries could also be free of bulk
instabilities. A similar study of the stability of the models having spacelike singu-
larities has not been done, and we believe would be worthwhile. If the bulk theory
10The fact that the negative tension of time-like naked singularities produces acceleration has
been already pointed out in [34, 24].
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is unstable, it undermines the use of these models as constructions of brane-world
bounces without instabilities.
Our second class of models consisted of probe branes moving through the su-
pergravity field configuration set up by a stack of source branes. Bounces occur for
observers riding on branes which move through these geometries, since the induced
scale factor depends monotonically on the brane’s radial position. Bounces therefore
occur for any classical trajectory that changes its radial direction.
Stability is under better control in these latter models, because the bulk space is
supersymmetric and so is stable. We did not find any further instabilities associated
with the brane motion, and to the extent that these are really absent they provide
examples of bouncing brane-world cosmologies within a completely stable extra-
dimensional theory. We expect that a similar behaviour will occur for the more
general Dp-Dp’ systems discussed in [35].
We believe our models present interesting examples where the smooth bouncing
from contracting to expanding universes could occur. The problems found in [13] for
previous proposals do not directly apply to ours and it is an interesting challenge to
establish whether or not these are fully stable bouncing universes in the 4D Einstein
frame.
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